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Graphene antidot lattices (GALs) are two-dimensional (2D) monolayers with periodically placed
holes in otherwise pristine graphene. We investigate the electronic properties of symmetric and
asymmetric GAL structures having hexagonal holes, and show that anisotropic 2D GALs can dis-
play a dimensional crossover such that effectively one-dimensional (1D) electronic structures can
be realized in two-dimensions around the charge neutrality point. We investigate the transport
and thermoelectric properties of these 2D GALs by using nonequilibrium Green function (NEGF)
method. Dimensional crossover manifests itself as transmission plateaus, a characteristic feature of
1D systems, and enhancement of thermoelectric efficiency, where thermoelectric figure of merit, zT ,
can be as high as 0.9 at room temperature. We also study the transport properties in the pres-
ence of Anderson disorder and find that mean free paths of effectively 1D electrons of anisotropic
configuration are much longer than their isotropic counterparts. We further argue that dimensional
crossover due to broken symmetry and enhancement of thermoelectric efficiency can be nanostruc-
turing strategy virtually for all 2D materials.
I. INTRODUCTION
Graphene and related two-dimensional materials have
revolutionized condensed-matter physics not only with
the exceptional physical properties they possess, but also
with the existence of seemingly infinite possibilities to tai-
lor these physical properties through nanostructuring [1–
7]. Cutting two-dimensional materials into ribbons al-
ters their properties drastically. Unlike semimetallic 2D
graphene, one-dimensional graphene ribbons are semi-
conducting [8–11] and can have substantially enhanced
thermoelectric (TE) efficiencies [12–15]. Another scheme
for nanostructuring is creating holes. GALs are 2D struc-
tures with periodic arrays of holes [5, 16–18]. They have
a nonzero band gap, which is tunable with the geometri-
cal parameters. Their thermal conductivity is also sup-
pressed significantly [16, 17, 19–24].
Enhancement of TE efficiency is an intricate problem
because an efficient TE material requires to have a large
Seebeck coefficient like in an insulator, high electrical
conductivity like in a metal and poor thermal conduc-
tion like in a glass [25]. 2D materials have been sub-
ject of intense research in the last decade for thermo-
electric applications [26–31]. The main motivation is
the fact that reduced dimensionality enhances TE effi-
ciency [32, 33]. Another reason is the richness and power
of nanostructuring possibilities. Graphene is the most
impressive example. Pristine graphene’s electronic struc-
ture acquire zero band gap and electron-hole symmetry
while its phononic structure yields the record thermal-
conductivity value [34, 35]. A material with such prop-
erties is among the least likely ones to have good TE ef-
ficiency. Still a number of nanostructuring schemes have
proven that graphene could acquire extraordinary TE ef-
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ficiencies [13, 14, 19, 20, 23, 36–41].
GALs can have high TE efficiencies [19, 20, 23, 36, 42].
It was shown that a few repetitions of the GAL unit
cell are enough to open a band gap and enhance zT
significantly in two-dimensional graphene [19]. In one-
(a)
kx
kyLx
y
∆x
∆y
Ly
x
X
Y
M
(b)
Sy
m
m
et
ric
A
sy
m
m
et
ric
α β γ
FIG. 1. Structural parameters of GALs are shown in (a).
There are two antidots per unit cell, which has side lengths
Lx and Ly. Antidots are hexagonal and equal in size (r). The
center of an antidot is chosen at the origin, while the second
is at (∆x,∆y). The studied geometries (α, β, γ) are shown
below.
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FIG. 2. Band structures and transmission functions of α (blue), β (red), γ (green) respectively. Solid (dash-dotted) curves
represent the asymmetric (symmetric) structures. Zero of the energy corresponds to the charge neutrality point.
dimensional zigzag graphene nanoribbons, zT was pre-
dicted to have very large values due to perforation with
nanopores, where the electronic quality at the edges were
preserved [20, 21, 36, 42].
In this letter, we consider three different GAL struc-
tures with symmetric and asymmetric geometries and
show that breaking of symmetry in 2D GAL geome-
try gives rise to a dimensional crossover in their elec-
tronic structure. The dimensional crossover is character-
ized with nondispersive bands in the transverse direction,
which is associated with a plateau in the transmission
spectrum. Namely, asymmetric GALs form an array of
one-dimensional electron systems placed parallel to each
other and show stepwise transmission spectrum for low
energy carriers. As a result, thermopower, power factor
and zT are enhanced considerably.
II. SYSTEMS AND METHODS
In this work, we consider hexagonal antidots and rect-
angular unit cells without loss of generality. The param-
eters defining the GALs are shown in Fig. 1a. A unit
cell contains two antidots. Lx and Ly are the unit cell
parameters (measured in terms of the carbon-carbon dis-
tance). The origin is chosen at the center of an antidot,
the other antidot having distances ∆x and ∆y from the
origin. The antidot size is r. We consider three sizes for
the unit cells (to be denoted as α, β and γ) with sym-
metric and asymmetric configurations. (i.e. αS, αA, etc.)
Parameters for the considered structures are tabulated in
Table I.
We use first nearest neighbor tight-binding approxi-
mation, which accurately describes the GAL structures,
agreeing well with density functional theory in electronic
band structures around Fermi level [17],
H =
∑
i
Eic
†
i ci − t
∑
〈i,j〉
(c†i cj + c
†
jci). (1)
Here ci (c
†
i ) is electron annihilation (creation) operator
for the pz orbital of the ith atom, Ei is the onsite en-
ergy, t = 2.7 eV is the electron hopping energy, and 〈i, j〉
denotes the nearest neighbor atoms. Ei = 0 for ballis-
tic calculations and picks random values when Anderson
disorder is introduced.
Transmission spectra are calculated using the nonequi-
librium Green function (NEGF) methodology [43, 44].
The system is partitioned as the left electrode, the cen-
tral region and the right electrode (L, C and R). Hence,
H = HC +
∑
ν(Hν + HCν + HνC) with ν = L,R. For
disordered systems, Ei is nonzero only in the central re-
gion. Periodic boundary conditions are employed in the
transverse direction, and the wave-vector in the trans-
verse direction is denoted as ky. The retarded Green
function for the central region is defined as G(E, ky) =
[E + iδ −HC(ky) − Σ(E, ky)]−1, where δ is an infinites-
imal positive number, and the self energy term con-
tains contributions from the reservoirs, Σ = ΣL + ΣR.
The self energy due to a reservoir ν is obtained using
Σν = HCνgνHνC , where gν = (E+ iδ−Hν)−1 is the free
Green function for the reservoir. Tranmission spectra are
obtained using the Green functions as
τ(E) =
Ly
pi
∫
dky Tr
[
ΓLGΓRG
†] , (2)
with Γν = i(Σν − Σ†ν) being broadening matrices. The
k-space integration is carried out using 20 k-points.
Thermoelectric figure of merit is defined as
zT =
S2σT
κel + κph
, (3)
3where S is the Seebeck coefficient, σ is electrical conduc-
tance, κel (κph) is the electronic (phononic) contribution
to thermal conductance, and T is temperature. The elec-
tronic coefficients are calculated using the integrals [45]
Ln(µ, T ) = − 2
h
∫
∂fFD
∂T
(E − µ)nτ(E) dE, (4)
as S = (eT )−1L1/L0, σ = e2L0, and κel = T−1(L2 −
L21/L0), where fFD(E,µ, T ) is the Fermi-Dirac distribu-
tion function and µ is the chemical potential. Phononic
contribution to thermal conductance is obtained using
Green functions as [46, 47]
κph =
∫
∂fBE
∂T
~ω ζ(ω)
dω
2pi
, (5)
fBE(ω, T ) being the Bose-Einstein distribution function,
and ζ(ω) stands for the phonon transmission spectrum.
Fourth-nearest-neighbor force constant approximation is
used for constructing the dynamical matrices [48, 49].
III. RESULTS AND DISCUSSION
We first calculate the electronic structures and plot the
band structures of symmetric and asymmetric systems
for comparison. (see Fig. 2-left panels) For α-GALs, the
band dispersions are similar along ΓX and XM directions
around the charge neutrality point (CNP). Low energy
bands are dispersive along MΓ for both αS and αA struc-
tures. However αA structure has nondispersive bands
along ΓY unlike αS. Such flat bands appear along ΓY in
βA and γA structures too. Symmetric structures βS and
γS have flat valence and conduction bands, which are
dispersionless not only along ΓY but in the entire Bril-
louin zone. Plotting the modulus square of their wave-
functions at the Γ point, |ψk(x)|2, we observe that these
flat band states in βS and γS are localized states around
the antidots due to dangling bonds and are not in the
main focus of this study. In asymmetric GAL structures,
transmission spectra show plateaus with integer values.
TABLE I. Structural parameters for α, β and γ (normalized
with carbon-carbon bond length, dCC = 1.42A˚). Subscript S
(A) implies that the structure has symmetric (asymmetric)
configuration. Lx and Ly are the unit cell width and height,
∆x and ∆y are the minimum relative distances between an-
tidots in x− and y− directions, r is the antidot size.
Lx Ly ∆x ∆y r
αA 39 23
√
3 19 7.5
√
3 9.5
αS 39 23
√
3 19 11.5
√
3 9.5
βA 48 27
√
3 24 10
√
3 12.5
βS 48 27
√
3 24 13.5
√
3 12.5
γA 30 19
√
3 15 11
√
3 10
γA 30 19
√
3 15 9.5
√
3 10
(Fig. 2) The flat portions of the bands and transmission
plateaus are related such that separation of flat bands
along the ΓY direction is the same with the widths of
plateaus for all αA, βA and γA structures.
The flat bands and the transmission plateaus stem
from the symmetry breaking. In order to explore this fea-
ture, we consider a toy model consisting of a square lat-
tice in the first nearest neighbor approximation, with lat-
tice constant a, and compare isotropic, anistropic (effec-
tively 1D) and truly one-dimensional lattices. (see Fig. 3)
The band dispersion for such a system is E(kx, ky) =
−2tx cos kx−2ty cos ky, where tx and ty are the hopping
parameters in longitudinal and transverse directions, re-
spectively. Width normalized ballistic transmission along
the x−direction can be obtained analytically as τ(ε)/a =
Re[arccos ξ]/pi. For the symmetric case (tx = ty = t), the
square lattice has the well-known electronic band struc-
ture and ξ = ε/2 − 1 (with ε = |E/t|). That is, τ is a
smoothly varying function except at ε = 0, where it is
maximized. For the asymmetric case (ty/tx = η < 1),
the band lies within [−2(1 + η), 2(1 + η)]. It is as disper-
sive as the symmetric one along ΓX, but the dispersions
along ΓY (and XM) are limited to 4η. As asymmetry
increases (i.e. for smaller η) we have flatter bands in
the transverse direction. Correspondingly, transmission
is altered with ξ = (ε − 2)/2η. The argument |ξ| < 1
only within ±2 − 2η < ε < ±2 + 2η, and ξ < −1 at
the mid-band energies. Hence there appears a transmis-
sion plateau, τ(ε)/a = 1, for −2 + 2η < ε < 2 − 2η as
shown with the magenta curve in Fig. 3, where η = 0.2
is chosen. Anisotropic transmission spectrum with the
plateau is a signature of dimensional crossover. As η → 0,
the square lattice is transformed to independent paral-
lel linear chains, the band dispersion along ΓY and XM
vanishes, and ξ → −∞ inside −2 < ε < 2 to yield a
stepwise transmission, a characteristic of one-dimensional
systems. (gray curve in Fig. 3) In strictly 1D structures,
stepwise transmission is a consequence of the fact that
there is no transverse direction in which the energy dis-
perses to give rise to changes in transmission values. In
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FIG. 3. Toy model with a square lattice in the first nearest
neighbor approximation having longitudinal and transverse
hopping parameters tx and ty. The electronic bands and cor-
responding transmission spectra are plotted for different val-
ues of η = ty/tx, namely η = 1, 0.2 and 0 (orange, magenta
and gray, respectively).
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FIG. 4. Thermoelectric properties. The columns represent
α, β and γ geometries, respectively, while the rows stand for
the Seebeck coefficient (S), power factor (P ), and TE effi-
cient (zT ). Values for symmetric (asymmeteric) structures
are plotted using dot-dashed (solid) curves. Band gap edges
are represented with vertical lines (dot-dashed) for asymmet-
ric (symmetric) GALs.
effectively effectively 1D structures, on the other hand,
the energy dispersion is the transverse direction is very
small, if not zero, as a result the transmission is not af-
fected from the transverse component of the wave vector
and the transmission is stepwise.
The anisotropic square lattice model reveals the origins
of nondispersive bands along the ΓY direction of asym-
metric GALs and the corresponding abrupt (or some-
times stepwise) changes in the transmission spectrum,
namely the effective 1D character. We note that not all
the electronic bands of asymmetric GALs display an ef-
fective 1D behavior. In αA, βA and γA structures, the
highest valence band (the lowest conduction band) is ef-
fectively 1D, whereas there exist lower (higher) valence
(conduction) bands that are dispersive. We also note
that, depending on the structural parameters, asymmet-
ric GALs can also have dispersive frontier bands as well
as 1D deep bands.
Next, we investigate the thermoelectric properties.
Fig. 4 shows the Seebeck coefficient, power factor (P =
S2σ) and zT calculated at T = 300 K. Dimensional
crossover in asymmetric structures enhance the Seebeck
coefficient substantially. This can be understood from
the low temperature approximation [50],
S ≈ pi
2k2BT
3e
∂ ln τ(E)
∂E
, (6)
which shows that abrupt changes in the transmission
spectrum maximize S. In the first row of Fig. 4, one ob-
serves that S is maximized inside the band gaps, where
σ is exponentially small. Therefore it is more convenient
to compare the power factors. Fig. 4 shows that the
maximum power factors are of the order 10−4Wm−1K−2,
which are comparable to the efficient thermoelectric
graphene based devices in literature [7]. It is also
observed that asymmetric structures have significantly
larger P , compared to their symmetric counterparts. P
is maximized for µ close to the band edges and the max-
imum zT values are substantially larger for the asym-
metric structures. The maximum zT values achieved at
the frontier band edges are 0.5, 0.6 and 0.95 (0.2, 0.4
and 0.4) at T = 300 K for αA, βA and γA (αS, βS and
γS), respectively. We should emphasize that, for asym-
metric structures the maximum zT values are achieved
at chemical potentials close to the valence and conduc-
tion band edges, whereas they are obtained at second or
deeper bands for βS and γS geometries.
The crossover from 2D to effective 1D can be demon-
strated by examining three variations of the α-structure,
including αA and αS. In Fig. 5a, the structures change
from the symmetric configuration (Fig. 5a) as the anti-
dot in the middle of the unit cell is shifted upwards. The
amount of shift is one benzene ring in each case (Fig. 5b
and 5c). When asymmetry is introduced, crossover to
effective 1D behavior starts. The bands along the ΓY di-
rection become less dispersive, accordingly a tranmission
plateau occurs. When asymeetry increases, i.e. αA, the
frontier bands become totally flat along ΓY and trans-
mission becomes stepwise. Correspondingly, the Seebeck
coefficient and hence the power factor (P = S2G) in-
creases with asymmetry. (see Eqn. 6)
(a) (b) (c)
(d) (e) (f)
FIG. 5. Three variations of α structure with their band
structures, transmission functions and power factors are given
(lower half). Blue, red and black lines correspond to the first
(αS), the second and the third (αA) structure respectively.
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values as functions of temperature. Asymmetry changes
phononic heat conduction for α and γ whereas it remains
almost unchanged for β.
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FIG. 7. Mean free paths for αA and αS structures. Electronic
density of states is shown in the inset. Red curves represent
the symmetric structure, whereas the blue curves are for the
asymmetric ones.
A major factor that determines zT is the phonon con-
tribution the thermal conductance, which is highest for
α and lowest for γ geometries (Fig. 6). This order is in
agreement with the ordering of geometries with respect
to the ratio between area of antidot to that of the unit
cell. Namely, the areal density of the structure is the
key ingredient for determining its phonon thermal con-
ductance. This finding is in agreement with previous
studies [19]. Asymmetry affects phonon transmission, as
well. There appears transmission plateaus in asymmetric
structures but their effect on heat transport is less deci-
sive compared to electrons, which is a result of bosonic
statistics. The weight factor ω ∂f/∂T (cf. Eqn. 5) in-
corporates all frequencies equally at high temperatures,
therefore swaps away the fine details of the phonon trans-
mission spectrum. As a result, asymmetry reduces κph
significantly, for αA, giving rise to better enhancement of
TE efficiency, but κph of β geometries are almost insen-
sitive to symmetry breaking. On the other hand, κph of
γS is lower than that of γA. When temperature increases
from 300 K to 500 K, zTmax of asymmetric structures
increase, whereas those of symmetric ones decrease. (see
Table II) This is due to narrower band gaps of symmetric
structures, at which electron and hole contributions start
to cancel each other for Egap<10kBT . When T is further
increased to 800 K, only γA has increased zTmax, which
has the widest band gap, and reaches the value of 1.76.
We further investigate electronic transmission in pres-
ence of Anderson type disorder with a uniform distribu-
tion of random onsite energies Ei within [−W/2,W/2],
where W =
√
12kBT = 90 meV (T = 300 K) is used
for ensembles consisting of 100 samples. The mean free
path can be obtained by using transmission spectra of an
ensemble of disordered systems, where
〈τ(E,L)〉
τ0(E)
=
`(E)
`(E) + λL
, (7)
with 〈τ(E,L)〉 being ensemble averaged transmission, τ0
the pristine transmission, L the length of the sample, `
the mean free path and λ a constant depending on the di-
mensionality. Here, λ = pi/2 (λ = 1) is used for αS (αA),
which correspond to two-dimensional isotropic (strictly
one-dimensional) systems [51]. Fig. 7 shows that the
mean free paths of effectvely 1D electrons at the trans-
mission plateau are much longer than those of the sym-
metric configuration. This is another consequence of di-
mensional crossover. The distribution of mean free path
of effectively 1D electrons (blue curve within the interval
0.1 eV to 0.4 eV) is very similar to the typical strictly
one-dimensional systems like carbon nanotubes. (see e.g.
Ref. 52) The longer mean free paths are because of the
flattened density of states of effectively 1D electrons. Ac-
cording to Fermi’s golden rule, the inverse scattering rate
is proportional with the density of states. For αS, DOS
is much higher than that of αA. The 2D DOS of αS has
a peak at around 0.2 eV, giving rise to a dip in the mean
free path. The effectively 1D DOS has van Hove singu-
larities at the band edges, a signature of one-dimensional
systems, and a lower DOS value inside the transmission
plateau. We calculate TE coefficients in the presence of
disorder using the ensemble averaged transmission val-
ues. Using the pristine phonon transmission values, we
find a zTmax value of 0.35 for a 5 µm long αA structure
at T = 300 K. This value is still larger than that of the
TABLE II. The maximum zT values for the studied structur-
res at various temperatures.
αS αA βS βA γS γA
300 K 0.25 0.51 0.41 0.60 0.58 0.94
500 K 0.16 0.47 0.41 0.83 0.25 1.40
800 K 0.08 0.22 0.28 0.79 0.17 1.76
6pristine symmetric structure.
IV. CONCLUSIONS
We have shown that symmetry breaking can induce
dimensional crossover in graphene antidot lattices and
that it is possible to create parallel one-dimensional elec-
tron channels in series on a two-dimensional structure.
Although it is difficult to fabricate such symmetric or
asymmetric GAL structures using top-down approaches,
bottom-up fabrication techniques similar to those in
Ref. 6 can make it possible to realize such geometries.
Dimensional crossover causes transmission plateaus, at
whose edges thermopower is strongly enhanced, and zT
is increased. Also, effectively one-dimensional electrons
have much longer mean free paths than those which ex-
tend at two-dimensions. Lastly, the strategy is not lim-
ited to graphene but should be possible to use in different
2D materials as well.
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